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Abstract

A convex subset of vertices of a tournament T is such that any vertex not in the

subset either dominates or is dominated by all of the vertices in the convex subset.

Given a large tournament T , we explore the structure of T by looking for its transi-

tive convex subsets. In a majority voting tournament some isolated inconsistencies

may appear in such subsets. We propose a way to reveal such “nearly” transitive

convex subsets. They are the subsets of a partition which optimizes the inertia of a

geometrical embedding of T .
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1 Introduction

A majority voting tournament T is a tournament resulting of a complete
paired comparison of n elements by p voters. Each element is represented
by a vertex and there is an arc from an element i to an element j when a
simple majority nij of voters prefer i to j (on the contrary nij = n − nij

voters prefer j to i). If each arc ij of T is weighted by wij = nij − nij then
T is called a weighted tournament. Such a procedure may create 3-cycles: it
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is the voting paradox. When the purpose is to arrange the elements, a way
to obviate these paradoxes is to look for transitive (weighted) tournament
which “best” reflects the tournament T . Such an order O is calculated by
minimizing the distance between T and O. When the distance equals the
sum of the weights of the arcs to be reversed for T to become transitive,
the orders O are called median or Kemeny orders. If all of the weights are
equal such orders are called Slater orders of T . If no median order, nor any
other order obtained by standard methods, forced itself naturally, we propose
to explore a majority voting tournament T with n vertices by looking for
its transitive convex subsets. A convex subset (also called adjacent sets or
component) is defined in [1] as a subset of the vertices of T such that any vertex
not in the subset either dominates or is dominated by all of the vertices in the
convex subset. A transitive convex subset is a convex subset which is transitive.
Even if it may exist various causes of the presence of inconsistencies in an
individual or collective opinion, I think we have to differentiate the isolated
inconsistencies from those which structure the majority voting tournament.
One may believe for instance that an isolated inconsistency reflects a victory
of the collective opinion with a low majority of voters. In this paper we present
a way to reveal the possible existence of a partition of the vertex set of a
given tournament into “nearly” transitive convex subsets (NTCS). In such a
partition the subsets become transitive and convex if the orientation of a “low”
number of arcs is reversed. Our strategy consists in destroying the 3-cycles of
the tournament by breaking the 3-cycles in the partionning. Reversing such
isolated inconsistencies the tournament is decomposable in convex subsets
which is of great interest in the search of an optimal strategy of tournament
games [2].

2 Methodology

2.1 Quality of a partition

For a tournament T and a partition P = (V1, · · · , Vk) of its vertex set V in
k subsets, the quality of P is the number C2(P ) of 2-paths (directed paths of
length 2) that have both of their extremities in the same subset of P .
In what follows, terminology and notations are those of [3]. If F is a set of
arcs, {ij} /∈ F signifies that neither ij nor ji is in F . Let us call cocycle of

P the set of the inter-subsets arcs of the partition P , C2(P ) is the sum of
the number of 2-paths with both arcs within the cocycle (Cout

2 (P )) plus the
number of 2-paths with both arcs within the clusters (C in

2 (P )).
From the observation that a triplet of vertices of a tournament T contains one
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2-path if it is transitive and three if not, it results that:

C2(P ) = C in
2 (P ) + +Cout

2 (P ) =
k
∑

i=1

(

vi

3

)

+ 2
k
∑

i=1

tc(Vi) + Cout
2 (P )

where vi is the number of vertices of Vi and tc(Vi) the number of 3-cycles
within Vi.
Because of the two last terms, the subsets of a partition with a low value of
C2(P ) are NTCS. Even if the first term of C2(P ) is all the more small as the
cardinals of the subsets are balanced, and then pushes the subsets to have the
same size when it is minimized, it is not easy to evaluate how the two other
terms react towards this effect. In the last section, we test it on some examples
of tournaments. The advantage of C2(P ) is the possibility to write it as an
inertia in a Euclidean space and use well-tried optimization processes.

2.2 Inertia of a partition

Let us define the square of the distance d(i, j) between two vertices of T as
the cardinal of the symmetric difference between the two sets of successors of
i and j, that is the number of elements belonging exactly to one of the two
sets.

∀ (i, j) ∈ V 2 , d2(i, j) =
∣

∣

∣N+(i) M N+(j)
∣

∣

∣

This distance is Euclidean since it is the distance between 2 vertices of the
unit cube of R

n. We classically define the inertia of the partition P by I(P ) =
1
2

∑

{ij}/∈Cocycle(P ) d2(i, j) and since d2(i, j) equals the number of distinct 2-paths
between i and j plus 1,

I(P ) = C2(P ) +
k
∑

i=1

(

vi

2

)

Let us denote by C1(P ) the quantity
∑k

i=1

(

vi

2

)

, by proving that C1(P )
C2(P )

= O( k
n
)

we get

I(P ) = C2(P )

(

1 + O(
k

n
)

)

Hence, the value of I(P ) is a good approximation of C2(P ). It is interesting
for at least two reasons:
1) I(P ) is easily calculable from the list of the successors of each vertex.
2) Since the sum of the square distances for all the couples of vertices is
constant, the minimization of I(P ) is equivalent to the maximization of the
sum of the square distances for all the couples of vertices of the cocycle. It
ensures a good homogeneity and separability of the subsets of the partition.
A natural way to extend the method to the weighted tournaments is to define
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the distance between i and j by

d2(i, j) =
1

2

n
∑

q=1

(|wiq − wjq| + |wqi − wqj|)

The weight of a 2-path iqj is the mean ofthe weights of its arcs. We define a
cherry (ij−q) as a triple of vertices i, j and q such that i and j both dominate
or are dominated by q. The weight of a cherry is w(ij−q) = |wiq −wjq|+ |wqi −
wqj|. C2(P ) and Cch(P ) respectively denote the sum of the weights of the 2-
paths and the cherries of T that have both of the vertices i and j in the same
subset of P . Finally, vol(Vp) is the sum of the weights of the arcs of Vp. By
splitting the inertia onto the cherries and the 2-paths, we get:

I(P ) = C2(P ) +
k
∑

p=1

vol(Vp) + 2Cch(P )

When the weights are binary values, all the cherries have a weight equal to
zero and we find again the previous results.

3 Implementation of the method and simulations

Given a tournament T and an integer k, to find a clustering of T in k subsets
that minimizes I(P ) we use a process proposed by Guénoche in [4]. It is a
kernel method of k-means type followed by a Tabou method. From an exper-
imental serie of tournaments, our simulations have a double objective : 1) to
illustrate the fact the algorithm find the NTCS if their number is known, 2)
to look at the possibility to use the variation of inertia as an index to find the
number of NTCS.
We test our method on seven 100-tournaments, T3, · · · , T9, constructed in
the following way: for any integer p ∈ {3; · · · ; 9}, let us denote by J the set

of integers {1, · · · , bp
2
c} and by

−→
C (J) the circular p-tournament which has

{ij, (j − i)mod p ∈ J} as arcs, Tp is the composition
−→
C (J)[A, · · · , A] where A

is an acyclic d 100
p
e− or b100

p
c− tournament. If p is odd the As are the transi-

tive convex subsets of Tp. If p is even, the union of two well chosen A is also
a convex transitive subset of Tp then having two times more vertices as the
others (more or less two vertices).
For all p ∈ {3; · · · ; 9} and k ∈ {2; · · · ; 10} we search for a clustering of Tp

in k subsets that minimizes I(P ). We also use this process on tournaments
obtained after a perturbation of Tp. It consists in randomly reversing a low
percentage of Tp’s arcs. In that case, convex transitive subsets of Tp become
NTCS.
For any perturbations of less than 20% of the arcs, if we know the number of
NTCS, the algorithm provides them without error for any of the Tp’s.
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The second objective is more difficult. Given a tournament, how many NTCS
does it have and which are they ? We investigate the answer of this question
for the Tps. We denote by Ck+1 = 1 − Ik+1

Ik

the relative difference in inertia
when going from an optimized clustering with k subsets to an optimized clus-
tering with k + 1 subsets. Figure 1 shows the values of Ck for T7 and T8 and
two percentages of inversions: 10% and 20%. The results are similar for the

Fig. 1. The curves represent Ck as a function of k for T7, T8 and tournaments

constructed from them by randomly inversing 10% and 20% of the arcs.

other Tps when p is odd. Up to about 20% of perturbations, the minimal num-
ber k(Tp) of NTCS is associated to a fall in inertia I(P ) when going from a
k(Tp)−1 to a k(Tp) clustering. When p is even, the peak is larger and contains
both of the points of abscissa p − 1 and p.
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